CONSIDERATIONS ON CERTAIN SERIES *

Leonhard Euler

§1 After I had found out, that the sums of the reciprocal series contained in
this form

1 1 1 1 1
1i37+57i77+97iﬁ+etc"
where the superior of the both signs hold, if # is an even number, the inferior
on the other hand, if n is an odd number, depend on the quadrature of the
circle and are determined by such a high power of the peripheria of the circle,
7t, whose exponent is = 1, I have made several observations both concerning
these series itself and their use for summing other series. Because they are
not very obvious and can provide utility not to be hoped for for other tasks, I
believed, that it will not be inappropriate to explain them here.

§2 After having constantly put the ratio of the diameter to the circumference
of the circle 1 to 7, I will consider the circle, whose radius or semidiameter
is = 1, and 7t will denote its semicircumference or the arc of 180 degrees. If
therefore now in this circle one takes the arc = s, whose sine shall be = y, the
cosine = y and the tangent = t, it will be
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and therefore

S
O=t—s—T7 " T23"T2342 125 1.2..¢6 ¢

or
5 50

S
O=1- 12t 123 1234 125 126

+etc.

§3 So at first let us consider the equation, in which the relation between the
sine y and the arc s is contained, and it is manifest, that the value s for given
y is not constant, but denotes all the arcs, who have the common sine y. So let
the smallest of these arcs be = “*7; all the following arcs

m n—m 2n+m 3n—m dn+m
— 7T, T, T, T, 7T etc.
n n n n n
—n—m —2n+m —3n—m —4n+m —5n—m
T, T, T, T, 7T etc.
n n n n n

will have the common sine y. Therefore one will have of this equation

3 5 7

O—i—k : - : + : —etc
ly 1-2-3y 1-2-3-4:5y 1-2---7y '

the following innumerabe factors
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§4 Hence the values of 1 will therefore constitute the following series

n n B n B n N n N n et
mr (mn—m)m  (m+m)mr 2n—m)mr  2n+m)wt = (3n—m)mw '

The sum of these will therefore be equal to the coefficient of —s in the equation,
which is

_1
= m
The sum of the products of two factors each will be = 0, the sum of three
= — ! etc
- 1-2-3y 7
so it will behave as followns
1
sum of the terms =——,
1y
sum of the products of two =0,
-1
sum of the products of three = m,
sum of the products of four =0,
1
f th f fi = —
sum of the products of five 1-2.3.4-5/

sum of the products of six =0,

-1
1-2:3-4-5-6-7y

sum of the products of seven =

sum of the products of eight = 0

etc.



§5 But if therefore of any series

a+b+c+d+e+etc
it was
sum of the terms itself = q,
sum of the products of two = B,

sum of the products of three = 7,

sum of the products of four =9,

sum of the products of five =g,
sum of the products of six =,
etc.,

one can assign the sums of the squares, cubes, bisquares and of any powers of
the terms of this series. If it therefore is

a +b +c +d +etc. = A,
a* + b* + ? + d* 4 etc. = B,
P+ P+ +dfete. =C,
at + v+t +d* +ete. =D,
a° + b+ +d° +etc. = E,
a® + b 4+ 04 d8 +etc. = F

etc.,

the values of these sums will be determined in the following way



A =u,

B =aA —2p,

C =aB — BA+ 3y,
D=aC — BB + YA -4/,

E =aD— BC+ B — 6A+5e,
F=aE — BD+ oC — 6B+ eA—-60

etc.

Because this progression follows a simple law and from the preceding terms
any following one is conveniently determined, we will be able to define the
values of 1 of the superior series, exhibiting the sum of any powers of the
terms.

§6 But before we leave this general progression, it will be convenient to note
a singular property, which connects the values of the letters A, B, C, D etc.
They of course arise from the expansion of the expression

a—2PBz+3yz*—4623+5ez —60z°+71z° —etc.

1— az+ Bz2— 428+ 0z%— ez5+ (z0—etc.
if the quotient in powers of z is found by actual division, of course. Hence
having done the division in usual manner the following quotient will arise
A+Bz+Cz*>+ Dz + Ez* 4+ F2° + etc.,
so that this series is equal to that fraction. Furthermore it is to be noted, if the
sum of the series
1—az + pz> — yz2° + 6z* —etc.

is put = Z, so that Z is the denominator of that fraction, that the numerator
will be — *d"lzz. From this the sum of the series

A+ Bz + Cz%> + Dz% + Ez* + etc.



will be

_ —dZ

=z
Therefore not only the sums of the powers of the propounded series a + b +
¢ +d + etc., of course the values of the letters A, B, C, D etc. can be found
from the given products of two, three, four factors each, but one will also be
able to assign the sum of the series, that these powers, multiplied respectively
by a new geometric progression, constitute, of course the sum of this series

A+ Bz + Cz% + Dz% + Ez* + etc.

And to have noted this property carefully will be helpful in the following,
where we are going to investigate new series.

87 Therefore both at first the sum of the terms of this series itself

2 l+ r 1t 1 + ! + LI —etc
n\m n—m m4+n 2m—m 2mn+m 3n—m 3un+m ’

and the sums of the products of two, three, four and so on are given,

A:@,
B=2,

Ly

B 1
C=u Ty

A
D‘@_Lz-sy’

D B 1
E‘E_1-2-3y+1-2-3-4y’
F-f__C A
T 1y 123y ' 1-2-3-4-5y

F D B 1
G=— — +

ly 1-2:3y ' 1-2-3-4-5y 1-2-3-4-5-6y



etc.,

it will be as follows

! + ! — ! - ! + ! +etc. = An
m n—m n+m 2n—m 2n+m o oon’
LSS S S 1 N 1 +ete — Bn?
m2  (n—m)2 (n+m)? (2n—-m)2  (2n+m)? on2
S SN S S SRR Cr®
md  (n—m)®> (n+m)> (2n—m)®  (2n+m)3 ond
LSS S S 1 N 1 ete — D
mt (n—m)* (n+m)* (2n-—m)*  (2n+m)* ot
LI S S N SO
md  (n—m)®> (n+m)> (2n—m)>  (2n+m)> ond
IS S S S PR i
mé  (n—m)e  (n+m)e  (2n—m)®  (2n+m)° Cond

etc.,

where for the even powers all terms have the sign +, for the odd on the other
hand the signs agree with the signs of the first series.

§8 The letters A, B, C, D, E shall retain the values, the we just gave them,
and let this series be propounded to us
A+ Bz+Cz2+ D23 + Ez* + etc.,

whose sum we investigated from the rule given in § 6. But the sum of this
series hence is

—dZ
Zdz’

while



Z—l—i—I— 2 — z + z —etc—l—lsinz
- ly 1-2:3y 1-2---5y 1-2---7y Ty ‘

From this because of the in this place constant y one will have to put

—dzcosz

y

and therefore the sum of the propounded series

az =

A + Bz + Cz% + Dz% + Ez* + etc.
will be

cos z
y—sinz’

Therefore the sum of this series will be

ZC0sz

Az + Bz> +CZ2 + Dz* + EZ®? +ete. = -,
y —sinz

§9 Letz= % ; this series will express the sum of all these series

P 2 N & 4
T n—m n+m 2n—m 2n+m +ete,
2 2 2 2 2
pr- p p p p
tat (n—m)?2 + (n+m)? + (2n —m)? + (2n + m)2 ete
3 3 3 3 3
P [ R p
et (n—m)3> (n+m)® (2n—m)3 + (2n +m)3 Hete

But these series added vertically give

p p _ p _ p p
m—p+n—m—p n+m+p 2n—m—|—p+2n—|—m—p+etc"

whose sum therefore is



pr
p7TCcos —
n

7

. Pt
ny —nsin—-

or, because y is the sine of the arc ’”T”, one will have the sum of this series

prt
p7T COS —
n

. omm . pm
nsin — — nsin —
n n

If therefore one puts

m—p=a und m+p=0,

so that it is

m_a+b und _b—a
2 P=""5"
the sum of this series
LN SRR RN S S SRR SR
a n—b n+b 2n—a 2n+a 3n—-b 3n+b '
or of this
1 2b 2a 2b 2a 2b
-+ etc.

a nz—b2_4n2—a2+9n2—b2_16n2—a2+25n2—b2_

will arise as

b—a)r
_ 7T COS o |
_(b+a)r (b—a)m
nsin ——— —nsin ———
2n 2n



§10 But these things are too general, that hardly everything, what is compre-
hended in them, can be perceived. Therefore let us descend to more special
things and let us put the sine y = to the whole sine = 1; it will be m = 1 and
n = 2. Therefore we obtain the following series

111 1 11 1 A
1 1 3 3 5 5 7 o2
1 1 1 1 1 1 1 _ Br?
ettt tatatee= 5
1. 1 1 1,1, 1 1 _Cr
FEIR A SR SRR SR S
1 1 1 1 1 1 1 _ Dntt

etc.

or these

1-L Lyl e AT
3 5 7 9 o2
1,1 1 1 _ Bn?

1+37+57+ﬁ+97+etc.—273,
1 1 1 1 Crd
1_§+573_%+9*3_et(::274,
1 1 1 1 _ Dnt
1+3f4+5f4+ﬁ+9—4+etC—275,
1,1 1 1 _E™

=5 T5 7T = 5

1,1 1 1 _ Fn®
1+37+57+%+97+€tc.—7/
1 1 1 1 G’
1_?‘1—?_?‘1—&_8“::278,
1 1 1 1 Hr?®
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etc.

But the values of the letters A, B, C, D etc. are found from the following law

A=1,
A
B =2
1/
B 1
C=1 12
C A
D=—- —
1 1-2.3
D B 1
E_T_1-2-3+1-2-3-4'
E C A
F =1 123 12345
G_g_ D N B 1
-1 1-2:3 1-2:3-4.5 1-2---6'
G E C A
H_T_1-2-3+1-2-3-4-5_1-2---7
etc.,
whence one finds the following values
T 1 1 1
A= 1 27—1—5-“5 —;-i—etc.,
B = 1 "—2—1+l+l+l+t
-1 3»T i TmTmTa T
1 s 1 1 1
2 4 1 1 1
P= 1a3 s Tatatuta

11



5 ° 1 1 1

F=9233 %l 5ty 5 T
F = 16 n—6—1+l+l +l+etc
~1.2.3...5 27 36 ' 56 76 K
61 n’ 1 1 1
=77 55 =1l—= + = — 5 tetc
C=1733.¢6 = 1 3 Ts —7 Te
H = 272 n—s—l—i—l—l—l —i—l%—etc
~1.2.3...7 29 38 58 78 K
I _ 195 n—g—l—l—i—l—l—ketc
~1.2.3...8 210 39 "5 79 K
7936 7110_ 1 1 1
Lo s oAt o111
S 1-2-3-.-10 212 i o5l 71 7
S/ S S S SR NN
T 1.2.3...11 213 312 " 512 T 712 K
VR, PP T S SO
T 1.2.3...12 Q214 313 " 513 713 K
22368256 w4 1 1

1

~1.2.3...13 25 714

etc.

§11 Here the letters A, B, C etc. denote only the numeral coefficients of the
powers of 7 divided by the powers of two; even though the values can be
defined conveniently enough from the given law, one can nevertheless exhibit
another law, which seems even more appropriate for calculations. Of course I
will consider the series

A+ Bz + Cz*> + Dz + Ez* + etc,,
whose sum, which shall constantly be denoted by the letter s, is by § 8

12



COSs z

~ 1—sinz
- because of y = 1. If therefore from this equation

_ cosz
~ 1-sinz
the value of s is expressed in the series, which proceeds in powers of z, the
series itself will have to arise

A + Bz + CZ%2 + Dz + etc.

For, one cannot assign another series of the same form, put it

P+ Qz + Rz? + S2° + etc.,

that it equal to that one

A+ Bz + Cz%> + D2 + etc,,

that at the same time the coefficients of the powers of z match and it is

P=A, Q=B, R=C, S=D etc

But {222 on the other hand expresses the tangent of the arc (£ + 3), or it

1-sinz
s = tan T + z
B 4 2
and hence by converting

will be
E%—E—alrc’cans—/ ds
4 2 ) 1+ss

and having taken differentials because of the constant 7 or arc of 45 degrees
one will have

dz ds

2 1+4ss

or

13



dz + ssdz = 2ds.

Now just put

S = A+ Bz+ Cz? + Dz% + Ez* + etc;
it will be
2ds

E:ZB +4C z+6D z2+8E zZ°+10F z* +etc.,

ss = A% +2ABz+2ACZ> +2ADz% + 2AEZ* + etc,,
+B? z24+2BC 7% +2BDz*
+C £

1 =41

Now having compared the homogenous terms to one another the values of
the letters are defined, that the coefficients of the single powers of z vanish;
and one will obtain the following determinations of the letters A, B, C, D,E
etc., while, as we just found, A = 1:

A=1,
Az +1
B = ,
2
2AB
C=—
2
D:2AC+B ’
6
2AD +2BC
E:T’

14



F_ 2AE +2BD + C?

10 ’
2AF +2BE +2CD
G — 7
12
H— 2AG + 2BF + 2CE + D?
B 14
etc.

And therefore completely the same determinations of the letters A, B, C, D
etc. will arise, which the other law given above in § 10 gave.

§12 Because the denominators of the fractions, to which the letters A, B, C,
D etc. were found equal, proceed regular enough, from this a peculiar rule
for finding the numerators can be found. Hence let us put

A=u, F:ﬁ,
B:% C=T3345%
o
C=1 H=17357
5
P=1727 ! :ﬁ’
E=ina K=i7375
etc.

and the law having done the substitutions will be this:

a =1,
w41

ﬁ_ 2 ’

,Y:[Xﬁ/

15



) :zx'y—i—le,
e = uad+ 3By,

{ =ae+4B5 +397,

5-4
n = af + 5P¢ +1 275

6-5 6-5-4 62
9—0c11+6ﬁé'+1 e +1 3
7 - 7-6-5
1 = b+ 7Py +1 2’yé'+1 2‘358,
8.7 8.7-6 8-7-6-5 ¢
» = a+ 8B6 +1 zfys +1 2‘35§+71 3.4 2
etc.

This law is perspicuous, if in this way it is only noted, as often the last term is
a square, it has in addition to be divided by two.

§13 Now let us consider this series

Az + Bz?> + C® 4+ Dz* + EZ° + etc.,

whose sum is known to be

_Zcosz
"~ 1—sinz
and put
_ pT,
z = >
it will be
pr
prteos /& Ax Br? cm’ Dm
72771_ oWt W ZP Fete
2 —2sin —
2
or

16



prt
7TC057 B ﬂ N pBT[z N p2C7'(3 N P3D7T4
pr 22 23 24 25
4—4sin7

+ etc.

If therefore instead of the single terms the series from § 10 are substituted, it
will arise

pr
7 =+1 1 +1 1 +1 —etc
pr 3 5 7 9 '
4 —4sin —
2
p p p p
+p +32+§+ﬁ+&+etc
2 2 2 2
+p2—pf+pf—pf+p——etc.

33 5 73 9

3 3 3 3

P prp
+f+¥+§+ﬁ+@+m.

etc.
But all these series added coloumnwise merge to this one
11 n 11 L
1-p 3+p 5—-p 7+p 9-p
whose sum therefore is

— etc.

prt
7T COS 5

. pm
4— 4sin—
SIn 2

§14 It will be possible to derive many summable series of this kind from the
series exposed at the end of § 9. Let us put a = b = m and we will have this

2m _ 2m n 2m _ 2m n 2m et
n?—m2  4n2 —m?  9m?2—m?2 16n?2 —m?  25n%2 — m? v

17



whose sum will be

_ T 1

Commom
nsmn —
n

- because of cos 07t = 1 and sin 07t = 0. Hence, if it is divided by 2m, one will
have

1 1

1 1 1
- -~ — etc.
n2 — m2 4n2—m2+9n2—m2 161/12—7112+251f12—m2 e
T 1
mmr 2mm’
2mn sin —
n
Let us further put a = —m and b = +b and it will arise
mrt
mTeos —
n + I
o omm m
nsin —
n
2m n 2m n 2m 2m 2m
n?>—m?  4n? —m?

tc.
o2 —m2 " lenz —m2 T 25mz — 2z T
As often it therefore happens, that cos %

- vanishes, so often the sum will
be assignable algebraicly, it is of course = 2% But this happens, if it was
m __ 2i+1

4 = 5~ orm=2i+1and n =2, whence it will be
1 B 1 L 1 L 1 1
2(2i+1)2  4—(2i+1)2 1

tc.

6-(2i+1)2 36— (2i+1)72 ea_ (i1 o
Therefore the following paradox proposition arises, of course, that it is

! ! + I + ! + ! +etc. = L

4—p 16—p 36—p 64—p 100—p C2p

as often as p was an integer square and odd.

18



§15 Letusputn =1and m? = p; it will be

1-p 4-p 9—-p 1l6—p 25-p © 2psinmyp 2p’
1 1 1 1 1 1 m/pcosm\/p

tc.= — — - YIP7T V.
T—p d—pt 9-p 16—p B-p T2 2psinmyp

if which series are added, it follows, that it will be

1 1 1 T i
SR ST R pV‘ersmﬂ\/ﬁ
1-p —-p 25-p 4psin,/p
but if the same are subtracted from each other, it will be
1 1 1 1 n/p(d
+ + +etc. = — — VA —,FCOSN\/?).
4—p 1l6—p 36-—7p 2p 4psinr,/p
But it is
i 1
ver‘sm /P ~ tan TP und +. cos 11, /p ot T p,
sin7t,/p 2 sin7t,/p 2

whence the last sums are simplyfied.

§16 We are therefore able to sum the following series

1 1 1 1
+ +
1-p 4—p+9—p 16 —p

+ etc.,

if p signifies any positive number, of course. But if instead of p a negative
number is substituted, for example —g, then so the sine and the cosine as the
arcs 71, /p or 7,/—q become imaginary quantities. But because the sums of the
series nevertheless stay real and finite, the imaginary quantities cancel each
other. Therefore it will be convenient to investigate, real quantities of which

kind are contained in these forms

VT g VYT
sin 71,/—q tan 71\/—q

Therefore let us put

19



sin7t\/—¢q

and it will be

sin7t\/—q = UiV ”u_q und 7\/—q = arcsin T Vu_q"
now take the differentials, having pur 7t and u variable; one will have

udmn — mdu

uy/uu + g

drr =

Put u = nv; it will arise

dr— % _ L g VAT VIT D

und 7w =

RN BN Vi cv

Therefore it will be

2e™Vic, /q
7'[\/? frd = —
e"VPeo = \/g++/q+vo und v Iy
and
_ 2me™ic\/q
YT o 1

But the constant c has to be conditioned in such a way, that for 7 = u becomes
=1, whence ¢ = 1. Therefore it will be

=4 _ 2e™VAT, /g
sinty/—q VI -1"

In similar manner it will be

n/=q _m
tanmty/—q 0’

it will be

ny—v =tanm\/—q und 7m,/—g = arctanv,/—q

and by differentiating

20



do

dm = 1= qoo

Now integrate again; it will be

1 1+v\f 5
= and &V — 2™V, /g =1+ v./3,

whence it becomes

eZn\/ﬁ_l
= (eZHﬂ_i_l)\/q

and

=4 (62”\/7+1)7T\ﬁ
tanty/—q  VI—-1

§17 Hence we obtained the following eight series, whose sums can be assi-
gned, which we want to list up altogether:

1 _ 1 n 1 _ 1 n 1 et _ﬂi\/ﬁ_i
1—p 4-p " 9—p 16—p 25-p O 2psinmyp 2p’
1 1 1 1 1 1 T/p
1—p+4—p+9—p+16—p+25—p +etc.—2p 2ptan7t,/p’
1 1 1 1 1 7T
5o T e T +etc.:\/z ,
4pcot—ﬁ
2
1 1 1 1 1 1
+ + + + tetc. = - —
4 — 16 — 36 — 64 — 100 — 2
p p p p p p 4ptan7t\r
/4
1+q 4+q 94+q 16+q 2549 29 (eP™Vi-1)g

21



1 1 1 1 1 (VIi+)myg 1

tc. = - —,
T+q 2+q " 9+q "16+q Brg T p@wi_ng 2
1 1 1 1 1 (Vi1 —1)m\/q
tc. = ,
T1q 9+q "Brqg Brq 8iq T ity
ﬂﬂ 1 1
1 1 1 1 L e @D 1

1591659 " 36+1q 6diq 1004 g 4™V -1)q 29

§18 After I exhibited the law above, according to which the sums of the
powers of all terms of this series

1—1+1—1+1—etc
3 5 79 '

proceed, I will now investigate the law, which connects only the odd powers,
that these sums without cognition of the even ones can be continued as far as
desired; therefore let be

1—% +% —; +é —etc. = Am,
1—31—3—1—51—3—%—1—91—3—etc.:B7r3,
1—?’1—5—1—51*5—%—1—91—5—&0:&15,
1—%+%—%+%—etc.:Dn7,
1 1_+l, 1+J¥—dQ:En9

39 "5 7999
etc.

and the law is to be investigated, according to which the coefficients A, B, C,
D etc. proceed. For this aim I will consider this series

Az + Bz + CrP2® + D27 + etc.,

22



whose sum shall be = s; therefore, having multiplied these series by the
corresponding powers of z respectively, it will be

z 3z 5z 7z

5= 1—22_9—zz+25—zz_49—zz

—+ etc.
and

5_ 1 1 LN SR S
z 1-z 14z 3—z 34z 55—z 5+z
But because it is from § 9

(b—a)m
meos —
_(+an _ (b—a)n
nsin ———— — nsin ————
2n 2n
_1+1 1_1+1+1_ et
a n—-b n+b 2n—a 2n+a 3n-b 3n+b v
let
a=1—z, n=2 and b=1-2z,
and this series will merge into that one; from this it will arise
2
35_ o m
2z, (-Fn Loin L= AT
sin ———— sin ————
or
iz
s— mz_ 4 ;
reosF 272 izt 020 et
% Y122 12342 1234562 %

because this fraction, if it is actually divided, has to reproduce the assumed
series
Anz + B’z + CP2® + ete,,

it will be

23



1
A=-,
4
A
B =—
2.4’
B A
C=231 216%
C B A
D = — ,
2-4 2-4-6-8+2-4-6-8-10-12
- D B C " B B A
24 2.4-6-8 2-4-6-8-10-12 2-4-6---16
etc.
§19 Or if it is put
1—1 +1 1 +etc _Arn
3 5 7 o2
1 1 1 _B7T3
1—§+§—%+etc—?,
1 1 1 _C7T5
1_§+§_%+etc.—?,
1 1 1 _D7‘L’7
1—?%-?—?%—6’(0—?
etc.,

the coefficients A, B, C will follow this law:

24



A=1,

A
B=_"_

1.2

B A
C_yz_y234’

C B A
D_LZ_LZ34+LZMG
E__D__ C N B A

1.2 1-2.-3.4 1-2.---6 1-2..-8

etc.

But if therefore those series are continued backwards, that one reaches positive
powers, the sums of all those sums will be = 0; so that, even though we
proceed further in these forms, there would nevertheless not arise other
values. Of course it is

1-3 45 -7 +9 —etc. =0,
1-334+5 —784+9 —etc. =0,
1-3"45 —7°4+9° —etc. =0,
1-3" 45 -7 49" —etc. =0

etc.

§20 But as the sums of the odd powers follow a certain law of progression,
so also the even powers will enjoy a similar property, that all can be defined
without help of the odd powers. To find this law, we will use a similar
operation. Hence let be

25



1+%+é+%+%+ete.:An2,

1+%+%+%+%+etc.zBﬂ4,

1+%+%+%+%+etc.:Cn6,

1+%+%+%+%+eto.:Dng
etc.

and investigate the sum of this series

Am?z% + Btz + Cr2% + D28 + ete. = s;
it will be

ZZ ZZ ZZ 2

12Ty 2T s 2T 2
whence it will be from § 17

S + etc.,

nz
S =
oot
cot —-
or by a series
m2z2 izt 7628
- — etc.

. 1.2 12325 123452 ¢
B n?z? izt aral ’
1 + etc.

N 1.2.22+ 1.2.3-4.24 1.2.3.4-5.6-26
because the assumed series itself has to arise from this division, it will be
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B A 1

C:2-4_2-4-6-8+2-4-6-8-10-4'
D— C B B " 1 B 1
2-4 2-4-6-8 2-4-6---12 2-4---14-4
etc.

§21 But this law is seen easier, if one puts

1 1 1 1 o
1+?+?+ﬁ+&+etC—A?,
1 1 1 1 t
1+¥+§+ﬁ+¥+etc:35,
11 1 1 ot
1+¥+¥+%+¥+etc.—C?,
1 1 1 1 o
etc.

For, here the coefficients A, B, C etc. will lead to the following progression:

A=1,
A
B=_"_
1.2
B A 1
C_1-2_1-2-3-4+1-2-3-4-5’
Hh_C ___ B N A 1
~ 1.2 1234 ' 1-2.3-4.56 1-2---7

etc.

If therefore one makes this ansatz as a series

s = Az + Bz + Cz° + Dz7 + EZ° + etc.,
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it will be

3 5 7

Z
1.2.3 1.2.3-45 1-2---7

z2 z4 z0
1_1-2+1-2-3-4_1-2-3---6

z
—+ etc.

zZ— +

+ etc.

and therefore

s =tanz oder z = arctans.
We will therefore have
ds

T T4ss
which equations must be satisfied by this value

dz und dz + ssdz = ds;

s = Az + Bz® + Cz° + DZ” + EZ° + etc.,

substitute the values instead of ds and ss and it will be

ZZ = A+3Bz2+5C z*+7D 28 +9E 2% +etc,

ss = + A222 4+ 2ABz* +2ACZ° +2ADZ® + etc,,
+B?> z6+2BCZ®

1 =1

Therefore having formed the equations the following other determinations of
the letters A, B, C, D etc. will arise:

A=1,
AZ

B =",
3
2AB

C=——
5
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2A B2
p_ 2AC+B

7 Va
E_ 2AD +2BC
=
p _ 2AE+2BD +C
- 11
etc.

§22 On these series of the even powers the sums of the series contained in
this general form depend

1 1 1 1
1+27+37+47+57+et01

while n denote an even number. If it therefore was

1 1 1 1
1+37+57+%+97+etC.:N7Tn,

it will be

on Tan Tgn TEn T T Ty

whence the sums of all these series, as long # is an even number, can be found
by the quadrature of the circle and from the sums already found those of
similar ones of even powers for odd numbers alone. But that these sums can
be found directly, let us look for a peculiar law, according to which these sums
proceed. Therefore let

1 1 1 1
I+ 5+ g+t tete = A,
1 1 1 1 .
1+?+¥+4*4+§+etC:B7T,

29



1
36

1

56 + etc. = C7r6,

1 1
1+ 5+ 35+ 26+

1 1 1 1
1+ﬁ+3—8+4—8+5—8+etc.:D718

etc.

and I will consider this series

s = Am?z? + Bzt + Cn®28 + D28 + En10210 4 etc.,

which having substituted the series, which they denote, instead of A2, Brtt,
C7t® etc., and added the homologuous terms it will arise

2z 2z 2z 2z zz
*T1 2z +4—zz +9—zz + 16 — zz jL25—zz +ete,
which series summed by § 17 gives
1 iz
°= 2 2tannz
or, if the tangent of the arc 71z is expressed by a series,
m2z? iz 020
1 11 Tt 1954561
) 272 e 66
Y123t 123as 127t
m2z? 2tz 37020 477878
123 12345127 1.2.--9
B 222 izt ol 828 ’
1 — etc.

123712345 127 129
because having expanded this expression it has to yield the assumed series
itself

Am?z? + Btz + Cn®28 + D828 + etc.,

these determinations of the coefficients will follow:
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1
AZE’
B — A B 2
1-2-3 1-2-3-4.5
C = B — A + 3 ’
1-2-3 1-2-3-4-5 1-2---7
D— C B B " A _ 4
1-2-3 1-2-3-4.5 1-2---7 1-2---9
etc

§23 But for these same coefficients one can exhibit another law of progression,
by means of which it will be possible to find them a lot easier. Because it is
1 iz

§= = — ,
2 2tan7niz

it will be

= und 7tz = arctan
1—2s - 1—2s

Now put 71z = u; it will be

tan 7tz =

u
u = arctan
1—2s

and by differentiating

B du — 2sdu + 2uds

du = 1—4s+4ss+uu

or

uudu + 4ssdu = 2sdu + 2uds,

which equation is satisfied by this value

s = Au* + Bu* + Cu® + Dub + Eu'® + etc,,
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having substituted this value it will be

uu = uu,
dss = +4A%u* + 8ABu® + 8ACu® + 8ADu'® + 8AEu'? + etc.,
+4B% u® +8BC u'® + 8BDu'?
+4C? y'?

2s =2Au*+2B u*+2C u®+2D u¥+2E u'®+2F u'?+etc,
2uds
du

=4Au*> +8B u* +12C u® + 16D ud + 20E u'® + 24F u'? + etc.,

whence the following determinations follow:

1
A=-
6/
2 2
B =="—
5 7
4AB
C — ?,
2
p_ 4AC+2B ,
9
g _ 4AD +4BC
B 1
p _ 4AE+4BD +2C2
B 13 ’
4AF +4BE +4CD
G = ,
15
4 — 4AG +4BF +4CE +2D?
B 17
etc.
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§24 But the sums of the series of this kind itself, as far I gave them, are the
following:

QNI SRR SR L

2 T3 g T =123 2"
RTNE IR I S —l—etc—zis L

24 T3 T T S 12345 6"’
LI SR __r L

26 T30 Tge T TCT 176"
1+ & o b o et Y30

28 T3 T T TECT T 9 0
(T S S

210 T 310 T 410 " 50 "¢ T g1 et
1 L e __ 2 91 o

21z T3l T4 T e T T 1...13 72100

1 1 ]_ 1 . 213 35 14
1+2ﬂ+m+4ﬂ+ﬂ+etc._m.7n’
1+i+i+i+i+ te. — 2 36177.[16

216 T 316 " gl6 TH6 TS T 1017 30

17

pe gt 2T 43867

218 © 318 418 © 518 1-2.--19 42

220 7 320 ' 420 ' 520 T 1.2...21 110 ’
pe Lttt 28 8513

T T TR TR T T T3 6 ,

T ot 1 1 28 1181820455 ,,

7T

14 oo 4 —ox + 1 + =+ etc. = .
Tom ot T TeC = 555 546

In these expressions only the law of the middle factions is not manifest, the

remaining parts on the other hand proceed perspicuously enough. But after I
had considered these middle fractions
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with more attention, I discovered, that the same occur in the general expression,
that I once gave for finding sum of any series from the general term, so that
by means of the one expression the other can be constructed.

§25 It will therefore be worth the effort to look for the agreement of these two
expression so different to each other with more attention. The one expression,
that I gave for the summation of series, behaves as follows: If the general
term of any series or that term, that corresponds to indefinite numerical index
x, was = X and the sum of the series from the first term to this term X
inclusively is put = S, it will be

5= / Xdxt 2y X - X
- 1.2 1-2-3-2dx 1-2-3-4-5-6dx3
N d°X B ¢
1-2-3-4-5-6-7-6dx> 1-2-3---9-6dx7
N 54°X B 691411 X
1-2---11dx° 1-2---13-210dx11
N 35413X B 361741 X
1-2---15-2dx13 1-2---17-30dx15
438674V X B 122227749 X
1-2---19-42dx17 1-2---21-110dx19
N 854513421 X B 118182045543 X
1-2---23-6dx21 1-2---25.546dx23
etc.,

in which expression it is apparent, that completely the same irregular fractions

are in it, which occured in the expression of the sums before, only with
this difference, that they have alternating signs here, whereas there all were
affected by the sign 4. And this agreement itself provided me with this utility,
that I was able to continue this general expression of the sum S up to this
point, whereas by the law, that I had found at that time for the progression of
these terms, I could do this only by a huge amount of work.

34



§26 But even though this mere observation of this great agreement could
suffice to show the agreement in the following terms, which are not known,
it will nevertheless be better, to find this same agreement from the a general
principle, that is understood not to happen by chance but neccessarily. But
I obtained this last expression in the following way. Because S denotes the
sum of so many terms in any series, as unities are contained in the exponent
x, and the last of these terms is = X, it is manifest, if in S x — 1 is put in x,
that then the same sum S less the last term or S — X has to arise. But having
put x — 1 instead of x the quantity S will merge into this one

di n dds B a3s n d*s B
ldx  1-2dx? 1-2-3dx®  1-2-3-4dx*
which is therefore equal to S — X; hence one has this equation

S —

etc,,

x_ 45 _ _dds #sds
N 1-2-3dx3 1-2-3-4dx*

ldx 12422 +ete.

Now that from this equation S is expressed in X, I assume this equation

BdX L+ yddX . sd®X
dx dx? dx3
having substituted this one in the one above one will have

S = /de+(xX+ + etc.,

B adX BddX ')/d?’X Sd*X
X=X + dx + dxz + dx3 + W + etc.
_dX  addX B Bd*X B yd*X

1-2dx 1-2dx? 1-2dx3 1-2dx4
N ddX N ad®X N Bd*Xx

1-2-3dx2  1-2-3dx8 1-2-3dx4

B a*x B ad*X

1-2-3-4dx3 1-2-3-4dx*
N a*x
1-2-3-4-5dx%
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§27 From this equality the following determinations of the coefficients a, 5,
7, 6 etc. arise

Lo b
1.2
® 1
ﬁ_ﬁ_1-2-3’
- B _ o 1
T=12 123" 1232
Y B ® _ 1
5_1-2 12371234 1.2..5
) 0% B « 1
€12 1231234 125 126
etc.

and from these formulas I then defined the values of these letters, and that
with a lot of work. And not, as it happend here, different than by observation
alone I recognized, that all the second values 7, ¢, 7 vanish. But from the now
formulated principles the same can be luculently shown, if another law of this
progression is investigated. For this I will consider this series

s=1+az+ pz*> +72° + 0z* + ez’ + etc.

and it will be from the preceding law of the coefficients

s — 1
_1 z N zz z3 N z* . ’
"1271.2.3 1-2.3.4'1.2.3-4.5 ¢
which equation merges into this one
s = z or s= ez
1 —e2 et —1
Hence it arises
e’s—a=¢e‘z und ez:siz sowiez = logs — log(s — z).

But by differentiating one will have
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_@_ds—dz
s s—z

dz

or

ssdz — szdz = sdz — zds,

which equation has to be satisfied by the assumed value

s =14 az+ Bz + 2> +0z* + 2’ +etc,;

therefore substitute this value in this equation

zds
— —85—5z+4+ss=0
dz

and one will obtain

d

% =  4az+2B22+3y 22 +46 2445 20 +etc,
—s =—1l+az-pz22—q9 22-6 z*—¢ 2—etc,
— sz = — z—u zz—ﬁ z3—fy P, ZS—etC.,

+s* =1 +2az+2B2%+2y 22+26 z* +2e 2° +etc

+a®  +2af +2ay +2ad

+ /32 + 2By
Therefore one concludes, that it will be

L]

2/

2

X —
IB - 3 /

B —2ap
,)/ - 4 7
5. Y20y pp

— = ,
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o 6 —2ud — 2By

6 4
e —2xe —2B6 — vy
[ = = :
¢ —2al —2Pe — 270
n= 3
etc.

§28 Because itis a = %, it will be 1 — 2a = 0; because the value occurs in all
following terms, it will be

w= L
=3
1
=1
Y=0,
pE
6 =——,
5
_ 2B
6 7
—2B5 —
7= 57 7
—2Be — 296
7]: ‘68 4
—2BL —2ve — 60
0 = ,
9
, — —2Bn —2yC — 20¢
N 10
etc.

Because now 7y = 0, it is evident, that it also € = 0 and therefore further 7 = 0,
t = 0 etc., so that all remaining second terms, beginning from -y are = 0, what
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was clear from the preceding law only by observations, but is now understood
to happend neccessarily. Hence while stell & = % it will be as follows,

b=15
ﬁz
6 — T =
5
286
é _%/
2BC — 266
0 = —"——,
9
_ —2p0 —24C
SA T
etc.
If therefore one puts
A B C D E
ﬁ_il (5——2*3, €_275’ —9——?, %—? etC.,

so that

X, AdX BPX  CPX DX  EFX  Fd'X
2 2dx  23dx3  25dx5  27dx7  29dx® 2llgxll

the coefficients A, B, C, D will give this law

S = / Xdx = + etc.,

1
A=-

6/

2A?
B =—

5/

4AB
C—?,

4A 2B?
D= C+ ,
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¢ _ 4AD +4BC

11 ’
p _ 4AE+4BD +2C2
B 13 ’
4AF +4BE +4CD
G =
15
etc.

So the letters A, B, C, D etc. obtain the values itself, which we gave to them
above in § 22 and 23. And hence were are completely certain about the
agreement of the coefficients in this most different expressions and it will not
be convenient to ascribe this to an accident anymore.

§29 Although we can assign the sum of this series

T4 b L D e

2n - 3 4n 0 5
conveniently enough, if 7 is an even number, we are nevertheless not able to
conclude anything from these same principles to find the sums, if  is an odd
number. It could indeed seem, that also these series depend on the quadrature
of the circle in such a way, that their sum is = N7t", of course also in the
cases, in which 7 is an odd number; but if we actually take these sums by
approximations, we will see that the coefficient N does not become a rational
number, if 7 is not an even number, what will be seen more clearly from this
table:

1 1 T2
1+ —= + — .= 1,644934067 = —
+22+ + etc , 64493406 =

32
1+ L ete = 1,202056003 = —
2» T T L 26,79435’
1 1 us
14— 4~ +ete. — 1,082323234 — =
_|_24_|_34—|—etc ,08232323 90’
11 °
14 = + = +etc. = 1,036927755 = ~—— -,
tos g et 295,1215
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1 1 770

14 o5 + 5 +ete. = 1,017343062 = [,

1+ % + % +ete. = 1,008349277 = 2997;;85,
14 % + 3l8 +ete. = 1,004077356 = 97;;),

14 2% + 3% +ete. = 1,002008393 = 297;{;35,
14 % + ;TO +ete. = 1,000994575 = 9;51;5,
14 % + 3% +ete. = 1,000494189 = 29401518,7,
14 % + 3% +ete. = 1,000246087 = 9240;23%.

And there is on the other hand no relation between the sums of the odd
powers similar to that, that holds between the sums of the even powers.

§30 But it seems, that something can be concluded about the sums of the
odd powers, if the signs are put to alternate. Because the first of the odd
powers

1

1—|—l—etc
3 4 '

1
1—=

2 + 5
has a known sum, of course log 2, it seems very probable, that also the sums
of the following odd powers depend on the logarithm of two and maybe
furthermore on the quadrature of the circle. But before we conclude anything
here, let us investigate the sums of the even powers and let be
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1— »t m- 42+e’cc.:A7rz,
1-— %—l— 314— %—I—etc.:Bn‘l,
1— — + 1_ + etc. = Cr®
26 T 36 46 ’
1-— %4— %— 4T—S—f—e’cc.:DﬂB,
—%+;TO—4—i)+etc.ZEn10

etc.,

where the values of the letters A, B, C, D etc. can easily be concluded from
the known values for the same series, while all terms are taken positive; but
it will be better, to find an own law for these. I will therefore consider the
following series

s = An?z? 4+ Bzt + Cn®z8 + DBz8 + ete,,
which having substituted the series will merge into this

_zz_zz+zz_zz et
C1—2zz 4—2zz 9—zz 16—2z v

which series summed by § 17 will give

S

oz 1
~ 2sinmz 2
or having expressed the sine
1
1 -
s=—-+4+ 2
2 n?z? izt 7628
1 + etc.

123712345 127
If now the preceding term in the series of letters A, B, C, D, E etc. or the one
before the first A is put = A, it will be
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A 1
A=1o371w
g A A
1.2.3 1.2.3-4-5
B A A
C=123 12345 12.7
H__C B LA A
1.2.3 1.2.3-4-5 1.2.--7 1-2---9

But the value of A was not mere assumed, but indeed expresses the sum of
the preceding series, which is

1

E/

the sums of all remaining series on the other hand, which preced this one, are
= 0, of course

1-1+1—-14+1—1+etc. =An" =

1-224+3%2—4% etc. =0,
1-2%43*—4*tetc. =0,
1-204+30—4° 4 etc. =0

etc.
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§31 From these things it therefore follows, that the sum of any series can be
concluded completely right from the preceding ones in this way: If it was

1 1 1 o
1-— o + 3 o +etc. =am’,
1 1 1 9
1= n—2 + 32 - 4n—2 +etc. = :Bnn ’
1 1 1 _4
1— = + Fid g +etc. = y"F,
1 1 1 _6
1-— 6 + 36~ 1n6 +etc. = on"
etc.,
it will be
1)
o b 7 + - £ + ¢ — etc.

:1.2.3_1.2.3.4.5 1.2...7 1-2.--.9 "1.2...9
So to find the sum of this series

1.1 1 1
l-stm—p™t

1
% + etc.,

5 6

one will have all series, which preced it according to this law, which are

11 1 3
1—2*34—?—4*34—@’[&:37'[,
1 1 1
— 2 42 -2 fete=A
1 2—1—3 4—|—ec T,

1-2 +3 —4 +etc.=

1-2%3 +3% — 4% tete. =

:lm‘Q :lw‘“m AR

1—-2% +3° — 4% tete. =

etc.,

44



and it will be

A o B v
B= - - :
123 12345 1.2...7 1.2...91°¢€
But the sums of all these series can be exhibited; hence it is
1 1 1
1—5 +§_1 +etC.—10g2,
1 2-1 1 1
1—2 +3 —4: +etC.: 1 — ? (1—}—32—}—52—}—6’[0),
-1 -2-1-2.3 1 1
3,23 43 _ _
1—-2°+3—-4° 4 etc. = 5 = p— (14—34—}—54%—etc.>,
1 2-1-2-3-4-5 1 1
55 5 45 _ f _ o
1—-2>+3> -4+ etc. 1 p <1+36+56+etc.>,
—17 2:1.2-..7 1 1
A7 A7 A7 _ _ o4
1—-2"+3 —4" + etc. 16 p- <1+38+58+etc.>
etc.
And therefore it will be
A:logZ,
T
= 21 1+— 2+l et
- T 52 T TG
-2-1-2- 3 1 1
ﬁ: 1+* +57 +ﬁ + etc.
2-1-2- 3 4.5 1
v = 1—1—— +§ _‘_7 + etc.
—2 1-2---7 1
o = <1++58 ++etc>
2 1-2-
€ 1+ 310 510 710 +ete.
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etc.

§32 But we exhibited the sums of even powers of the fractions, whose
denominators are odd numbers, above. Let

1+31—2+51—2+%+etc.:P712,
1+31—4+517+%+etc.:Qn4,
1—1—31—6—1—51—6—1—%—1—&0:127(6,
1+%+51—8+%+etc.257t8

etc.:

by § 21 it will be

Pr? 4+ Qnt + Rm® 4 S8 + etc. = gtan g

But the letters «, B, v, 6 will obtain the following values

o= g P7t2,
7T
-2-1-2-3 4
ﬁ_ T QT[/
.1-2.3.4.
yo21:2:3:4:5 RS,
7T
5 = —2~1-2-3-4-5-6-7S7T8
7T
etc.

Therefore from the law of progression, if one puts



1—% —1—% —i —1—% 6 +etc. = Am =log2,
1—%4—%—%4—%—@4—&0:&?,
1—%+%—%+51—5—%+etc.:C7T5,
1—%+%—%+%—%+ete.:Dn7

etc.,

we will therefore be able to determine these coefficients A, B, C, D etc. in such
a way, that it is

A—% Pr? Q7I4+R7t6+5n8+etc
- a\2-3 4.5 6-7 8.9 '

g A 2( P . Q  Re*
1-2:3 m\2:-3-4-5 4.5-6:7 6-7-8-9 )’
c- B A4 2/ P Q | R
“1.23 1.2.3.45 7\2:3.--7 459 6.7...11 )
C B A 2( Pr? 0
D= _ _ 2 .
123 12345 1.2...7 7r<2 3.9 4511 ¢

§33 But before we take it on to conclude from this, we want to teach by one
example, that the rule found here behaves correctly and the true values of the
letters arise from there. Now let us take the first formula, and because it is
A= 10;32, one will have this equation.

log2 Pn? N Qm* N Rt N Srd et
2 23 4.5 6-7 8-9 '

By approximating the true values it is indeed
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log?2 = 0,693147181,
Pr? = 1,233700550,
Qm* = 1,014678032,
Rm® = 1,001447077,
S8 =1,000155179,
Tr'% = 1,000017041,
V2 =1,000001886,
Wt = 1,000000209,
X% = 1,000000023,
Y'® = 1,000000003

etc.
At first let us take the whole unities for P72, Q7‘[4 etc.; we will have

1+1+1+1
2-3 45 6-7 8-9

the sum of which series is known, of course it is

+ etc.,

=1-log2 oder 0,306852819;

now let us take the annexed fractions of the same terms, which divided by
the respective denominators will give

0,038950092
0,000733902
34454

2155

155

12

1

0,039720771;



add 1 —log2

0,306852819

0,346573590.

But on the other hand

log 2

=0,346573590.

whence the equality is clearly seen.

§34 Because therefore now the validity of the proposition asserted in § 32,
we have a law, according to which the sums of the series

1
1= o+ 37 — gn Tete,
while n denotes any odd number, proceed. But because it is only known to us

by observation, that

log2 Pn*  Qrnt N R7m® N S8 © ete
2 2.3 45 6-7 8-9 '

or
+ 1(1 fr et e —|—etc.>
3 32 52 72 92
- 1(1 LR i L —l—etc.>
10 34 54 74 94
log2 = ¢ + 1(1 —l—l -l-l —i—l -l-l —|—etc.>
21 36 56 76 96
+ 1(1 U T +etc.>
36 38 58 78 98
1 1 1 1 1
+ 55(1 —|—@ +5ﬁ +ﬁ +9ﬁ +etc.>

etc.
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it will be worth the effort, to look for a demonstration of this truth. Therefore
let us put

_ Pt Qm R ST e

2.3 4.5 6-7 8-9 ’

and perform the following transformations

S

dns  Pr? N Qmt N Rt + ete
dm 2 4 6 7

P = Pt + Qn* + Rm® + etc.

Because this last series, if it is multiplied by 7, has the sum 7 tan 7, which

expression holds, even if 77 is a variable quantity, as we put here, and so it
will be

d 2
dd.its = % tang

and therefore

d
d.its = TH /dntang
and finally
1 T
s = H/dn/dntanj,
the root of which equation is already clear, of course it is

_log2
5= —

§35 Now let us at first consider this formula

T
drmrtan —,
/ 7T tan >
which merges into
d7sin —
7rsin —
/ 2 _ —2log cos z,'
7T 2
cos 5
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but having substituted this integral we will have

s = -1 jdn log cos
on Chai )
To integrate this formula I put
tanz =1t
2 - by
it will be
cos & = !
2 1+t
and both
—logcos— log V1 + tt flog(l + tt)
and
dm  dt
2 141t

hence it will be

1 dt
= — — 1 14+t
2n/1+tt og(l+ 1),

and therefore the question was reduced to that, that one defines the integral

f ’ﬁloﬂ%ﬁ) having used such a constant, that the integral vanishes for t = 0;

after that one has to resubstitute f = tan g and because of g = to an arc of
90° it will be t = co. But this formula, because it is

log(1+tt) = i + & + A + & + etc
& TAt 21kttt 31+t ALt T
merges into the following one, so that it is
dt

—log(1 + tt
/ T sl )

B / ttdt thdt todt todt et

(1+tt)2 (1+tt)3 (1+t)* (1+tt)3 ‘

But by reduction of mtegral formulas it is in general
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(14 tt)ym+l — 2m(1 4 tt)m t om (14 tt)m”

Therefore, because it is

/ t2m o th—l 2m—1 t2m—2

it will be
/ tdt 1 7w 1t
(1+t)2 2 2 2 1+t
/ tdt 1.3 m 13 t 1 £
1+t 2.4 2 2.4 1+t 4 (1+tH)?

/ tdt  1.3.5 7 135 t 15 £l t
(1+t)* 246 2 2-4-6 1+t 4.6 (1+t)2 6 (1+t)
/ t¢¢ 1.3.5-7 m 1.3.5-.7 't 1-5.7 £

(1+t)5 2-4.6:8 2 2-4-6-8 1+t 4-6-8 (1+1)?2
1.7 £ t7
6-8 (1+tt) 8 (1+t)¥
/ t%¢ 1.3.5.7.9 7 1-3-5-7.9 + 1.5:7.9 P
(1+t) 2-4.6-8-10 2 2-4-6-8-10 1+t 4-6-8-10 (1+ )2
1-7-9 £ 1.9 v o1 t?
6-8-10 (1+tH)> 8-10 (1+¢t)r 10 (1+tt)°
etc.

Form this substitutions it will arise

dt
/ T log(1 + tt)

1 n 1-3 n 1-3.5 n 1-3-5.7 " 1-3-5-7-9 et
S 2\2-1 2-4-2 2-4-6-3 2-4-6-8-4 2-4-6-8-10-5 '

B t 1 n 1-3 n 1-3-5 n 1-3-5-7 g
21 242 2.-4.6-3 2-4-6-8-4 '
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L w27 2T e
41+u2\ 2" 6.3 684 ' 6-8-10-5 ‘
7, 79, 7om

84 ' 8-10-5 ' 8.10-12-6 ' °¢©

B £ 1_+ 9 N 9-11 N 9.11-13 Lot
8(1+tt)4\ 4 10-5 10-12-6 10-12-14-7 :

etc.

§36 Let us at first search for the sum of this series

1 13 135 1357
2.1 "24-2 "' 2463 24.6-8-4'°¢

and let us put

it will be

as it will become clear to everyone doing the expansion. But it is

dx
——— =c—log(1++v1-— log(1—+v1—
J s = Tos(1 4 VT— %) + log(1 — VI =)
and hence
s=c—log(l++v1—x)+log(l—+v1—x)—logx,
where the constant ¢ has to be conditioned in such a way, that for x = 0 s

becomes = 0. So let x become infintely small; it will be

X
T—x=1-2
X 2

and
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log(l1—v1—x)= logg = logx —log?2
and

log(1+ v1—x) =1log?2,
whence ¢ = 2log2. Now put x = 1; it will be s = 2log 2 and

Loyt 19 1957 e Zolog2
2172422463 2.4-6-8-4 8%
But from this series the sum of the remaining series are determined in such a

way, that it is

Yy 2oy 27 279 = 2 g2 22

2763 684 68105 T 1.3 & 132

17 79 791 246 . 246 6
3784 8-10.5 8-10-12-6 T 135 87 1352 5.2
1,9 9m 91113 o 2468 ) o 2468 68 8
47105 10-12.6 ' 10-12-14-7 ' 1.3.5.7 8" 1.35.7.2 5.7.2 7-3

etc.

Having substituted these sums it will arise

dat
/ T log(1+ tt)

7T t
=T 2log2— 1 2log2
2 COBCT 1y 08
t3 2 1
(1+tt)2< 3“8 3 1)
£ 2-4 4 1
- 2log2 — -
1+t3\ 3.5 -8 3.5-1 5 2)
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§37 But because for our purpose after the done integration one has to put
t = oo, it will be

dt

and

1 dt _ log2
S_En/1+tt10g(1+tt)_ >

which is that value itself, we foresaw to have to arise (§ 34). For, the remaining
terms in the expression, that we found for

dt
/ T log(1+ tt),

if one puts t = oo, all vanish, because in the single denominators of the single
terms t has more dimensions in the numerators and in addition to that the
numerical coefficients decrease. If this would happen, we could not surely
conclude, that the sum of all terms, which all vanish, is = 0. For, if for example
one takes only the first parts of the numerical coefficients, that this series
arises

t 213 2.4 2.4.6t7

1—|—tt+3(1+tt)2+3~5(1—|—tt)5+3-5-7(1+tt)4

the sum of it in the case, in which t = oo, becomes finite and = 7, even though
the single terms vanish; but if one takes integer coefficients, because of their
very convergent series, also the whole series becomes = 0.

-+ etc,,
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§38 Now let us look for the sum of this series

1 1 1
1—?%—? 43+etc —B7t

which sum by § 32 will be

7% log 2 Pr? Qrt Rt
Br® = — 2772 tc. ).
T=91723 "(2.3-4-5+4-5.6-7+6-7-8-9+ec>

To find the value of this quantity let

s = P’ + QN4 + R + etc.;
- 2.3-4.5 4.5.6-7 6-7-8-9 v
it will be
d.m3s Pt Qm® R
= + + + etc.,

dm 2-3-4 4.5-6 6-7-8
dd.m3s Prd Qmd R’/

= T tetc,
a2 23 T a5 T gy T
dB.ds  Pr? N Qrt N Rt ©ete
dmd 2 4 6 v
d*. s 1 T

2 3 5 B i
P Pt 4+ Qm’ + R’ +Hetc 4tan2.

By going backwards it will therefore be

7613‘7135 = 1/d7‘ct nE
e 4 ans

3
dilliz /dn/dﬂtan
dﬂs— /dn/dn/dntan
dr 4
—f/dn/dn/dn/dntanz
4 2°

And hence one will have the sum of the propounded series
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72
Br® = log2 /dn/dn/dn/dntan

and all integrals have to be taken so, that they vanish for 7w = 0.

§39 Put 7 = g, so that having done the integrations g denotes the fourth
part of the circumference of the circle, whose diameter = 1, or the arc of 90
degrees. And further let be

sing=y and cosq=x=+/1-yy;

it will be

tann—
7=

Hence because of 7 = 24 the sum of our series will be

B — 2qq10g2 /dq/dq/dq/y q

So let us throughout put
fonfanfor [

2qqlog2  4u
3 q
where in the finding of the quantity u all integrations have to be taken so, that

the single integrals vanish for 4 = 0 and y = 0; but having done the integrals,
it willbe y = 1 and x = 0. But it is

U= [ = —tog Ty = log

X 1—vyy

it will be

Br® =

7

and

6
vy
68

8 10
Y

tc.

—l—lo—i-ec

yy y4

1
log; + =+

Because now it is
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u:/dq/dq/dqlogi,

by a reduction of the integrals it will be

1 1
u:q/dq/dqlog;—/qdq/dqlog;
/dq/dqlogl :q/dqlogi—/qdqlogl,

/qdq/dqlogl qq/dﬂilogi—/v/qdqbg

and further

hence

1 1 1 1 1
= qu/dqbg;—q/qdqbg;+§/qqd410g;,

that we now have three simple integral formulas, we have to integrate.

§40 So let us consider these three single formulas seperately and at first this
one [ dglogL; even if we already integrated it above [§ 35], let us nevertheless
integrate the same without consideration of sines and cosines again, that an
easir way is opened to integrate the remaining one. So it is

3 10
vy y A
/d”’log /d"< 6 8 10 etc)

To find this integral, just consider any of its members - [ y"*2dq - and because
itis

dq:—:_T and xx+yy =1,

it will be

/ynJerq /ynJrldx n+1 (n—I—l) /ynxdy;

/ y'xdy = / y'x*dg = / y'dg — / y"2dg

but it is
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- because of xx = 1 — yy; therefore it is

[yt ==y x4 (n+1) [y'dg— (n+1) [ y"2dg

and

n+2 1
n+2d — Tl + n4
/ ST + 2 T 2 )V
Hence the integral of a certain member is reduced to the integral of the
preceding, and because having done the integration x becomes = 0, it will be

for this case
/y q_n—i-Z/y

From this formula therefore all the single parts of the integral will be found,
as follows,

[ vida = 5a,

[viar=5n

/f@=125%

R et
etc.

Therefore one will have

/d log — = — + 1-3 + 1-3-5 + 1-3:5-7 + etc. |;
qg 21 242 ' 2.4.6-3 2.4-6-8-4 )

because the sum of this series was already found above (§ 36) as = 2log?2, it
will be

/dqlogi = glog?2.
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§41 Now let us proceed to the second integral formula [ gdqlog i, which
merges into

8
/qdqlog— /qdq(nyry +y +y8+etc>

of which we want to consider any part

/ Y Pgdg = — / Y Hgdx = —y"gx + / v xdg + (n+1) / y"qgxdy

n+2

y+2+(n+1)/y”qdq—(n+1)/y”“qdq

_ _n+l
= -y qx+n

Therefore having put ¥y = 1 and x = 0 it will be

n—+2 _ n+1/
/y qdq = (n—|—2 n+2 y"qdq.

The integrals of the single members so will behave as follows:

/Sd 1,7 57 [ 357 1357 7
Y99 = @2 T8 62 T 6.8-42 ' 4.6-8-22 ' 2468 2
etc.

Hence one will obtain the integral

/dl 1—4-% 1 + 1-3 + 1-3-5 + 1-3:5-7 + etc
908 =T 4 \201 7242 2463 246-8-4 ‘
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3-5-7

1 1 5 5.7

1.6.8.4 —I—etc.)

5.7-9
+ etc.

1 1 7 7-9

2 6-3 6-8-4 6-8-10-5

7-9-11

2.62\3 ' 8-4

etc.

or also in this form

8-10-5

+8.10'12'6—|—etc.>

/qdq]ogl — qq(l + 1-3 135 1-3-5-7 +etc.)
x 4\2-1 242 2463 24684
1 1 1 1
+ ﬂ + 42.4 62'6 —+ m + etc.
3 5 7 9
tre T g ee v waie T
3.5 5.7 7.9 9.11
tT o 2.6 8 62-8-102 §2.10.12
L 357 . 579 7911 91113
2.4.6.8  £.68 102 6-8-10-122  8.10.12.18 ' °°©
etc.

but these series invole that itself, what is in question, of course the summation
of the cubes of the terms of the harmonic series.

§42 If we follow the first form, all series become summable (§ 36) and one
will have
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-i—l 2~4~61 5 4-6 6
3.5 °8 3.5.2 5.4

468 68 8
log 2 =
8 7 6)

- 3.5.7.2 5.7-4
etc.,

which, if the series are again summed columnwise, give

1 qq 1 2 2.4 2.4.6
log = = 1 Joe2 +1og2( = .
/qdq 08 = 5 082108 <2+ 347 356 3579 +etc>
Sty 4, 46 468
2.3\4 ' 5.6 ' 5.7.8 5.7-9.11 '
oty 6 68 0 6810
4.5\6 ' 78  7.9.10 ' 7-9-11-12 :
1 1+ 8 N 8-10 N 8-10-12 ©ete
6-7\8 ' 9.10 "' 9-11-12 ' 9-11-13-14 :
etc.
Butitis
T 2 2 200 e =W
2 '3.4 356 3.5-7-8 2’
whence it will be
L . L
4 5.6 5.7-8 2 2 22
1+ 6 n 6-8 +etc_ﬁ 9 351 51
6 7-8 ' 7.-9.10 2.4 2 2.4 2 4 4
1+ 8 N 8-10 +etc_3 57 qq 3571 571 71
8 9.10 ' 9-11-12 2.4.6 2 246 2 4.6 4 6 6

Therefore one will have
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1 gqq( 1 3 3-5 3-5-7
/qdqlog = qqlog?2 <2+2-42+2-4-62+2-4-6-82+etc'

2
RS
22 2
L3 1,11
2-42 2 42 4
L35 1,5 11
2:4.62 2 4.62 62 6
L8357 1,57 1.7 1,11
2-4-6-8 2 4.6-82 4 6-8 6 8 8

etc.

§43 But maybe the difficulty to find a convenient expression is diminished,
if we collect those three integral formulas. Therefore let us take the third
formula

1
/ qqdqlog —,
which merges into

6 8
/qqdq< —i— —l—y —i—%—i—etc.).

Consider the formula

/ y"2qqdq,

which merges into

~ [y lgqdx =~y lagx -2 [y lgxdg + (n 1) [ yigqudy
=—y"gqx +2 / y"ady + (n+1) / y'qqdq — (n+1) / y"2qqdg;

hence it will be
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_ a4 n+1

w2, oo Y qqx 2 /n+1 /
/y qgqdq = — >+ 5 [V y"qqdq
But it is
/ n+2q / g 1 1:3:5:7---(n+1)
v n+2 = T a2 2468 (i)

having put y = 1 (§ 40). Consequently it will be

2 1.3.5.7...
n+2 _ q
/y 99dq = (n+2)<1 2.4.6-8-

and the single members of the integral in question will be

) 22

1 1 ¢
2 _ 4.1
/ y qqdq = Zq 22ty 5
1 1.3 1 3 1 13, 1.3 ¢
oo 1.3, .13, 113 13 ¢
/yqqdq 44 29 - 42 2.4 q+22 4 q- 22 9. q+ .4 37
2 1-3-5\ 5 2 1-3\ 3.5 2 1\ 1-3
6 _ (1 2.4 e T e
/quq_6<1 2-4-6)+6 42<1 24>+46 2(1 2>+24
etc.
Having finally substituted and arrayed the terms one will finally find
/ dglog © = oL, LS 185
1999708 3 = 6\ 21" 242" 2463
TP 14O 20 0T
21\ 72 127163 41684 ‘
PR P LU U LA B——
21" 721 2763 684 68105 O
(135N 7 79 7911
e\ " 216/)\378478105 810 126
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etc.

But because it is

1 1 1.1 1
= qu/dqlog; —q/qdqlog;+§/qqdqlog;,

having added the integrals, as they were found, it will be

U= f ! + L3 + 13> + etc
- 2\ 21" 242" 2463 "¢
LR Te Sy 30y 397
2222 122" 263" 12684
24224 \2763 684 68105 °°
_ g 13501 7 7.9 791
262 2.46\3 8.4 8105 810126

etc.

But having integrated the series as above [§ 36] it will be

3

u= %logZ— 2722 2log?2,
—ﬁ <210g2—2%1>,
N % <21°g2_ % N 2%432>’
N % <21°g2_ 2.1 2%:)2 N 2143653>
T2 -qzw <21°g2_ 2%1 N 2%:)2 N 2:?;3 N 2%4?6?5.5?4)

etc.

But it is
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whence

u—i l—Fl—kl+e’cc
2.2 42 62 82 ’
4L RIS
2.4-4 62 g 102 "¢
135 (1,1 1
2466 \ & "102 122 "¢
L3557 (1,1 1,
2.4-6-8-8\102 ' 122 " 142 '

etc.
Therefore it will be

_q 99 1

"o 6 22)

etc.
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etc.

§44 Because now the sum of our propounded series

1 1 1

I=»ts p

-I—l—etc
> .

53
is

3 _ 2qqlog2  4u

—B ,
7T 3 q

the same sum will become

‘ -

=+ 1

TSR C
244\ " 22

L1385 (011
2-4-6-6 22 32

1-3.5.7 1 1 1
I+ 5+ +

N
N

2:4.6-8-8 22732 g2
etc.
Or because it is
1 1-3 1-3-5

2-2+2-4-4+2-4-6-6
the sum of the propounded series will be

+ etc. =log?2,

1

2 2.4-4 2.4-6-6

or this same sum can be expressed so, that it is

67

1 1 1 L
- 1 1 o
Br —log2+22<log2 2'2>+32<10g2 5.0 2.4.4

+l log?2 — 1 — 1-3 1-3-5 + etc
2\ %%°7 3 v

3
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1 1 1-3 n 1-3-5
42\2-2 2-4-4 2-4-6-6

1 1 + 1-3 n 1-3-5 + 1-3-5-7
52\2-2 2-4-4 2-4-6-6 2-4-6-8-8

etc.

But because, no matter how we transform this series, are not able to reduce
it to a simple series, whose sum is known, we abrupt this task, content with
these many expressions, we found the propounded series

equal to.
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